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We derive a kinetic theory capable of dealing both with strong correlations and large spin-orbit
coupling in dilute magnetic alloys. We obtain the quantum collision integral non-perturbatively
and uncover a contribution proportional to the momentum derivative of the impurity scattering
S-matrix. The latter yields an important correction to the spin diffusion and spin-charge conversion
coefficients when both electronic correlations and spin-orbit coupling are strong, and fully captures
the so-called side-jump process without resorting to the Born approximation (which fails for resonant
scattering) or to otherwise heuristic derivations. As an illustration of our theory, we study a model
of a strongly spin-orbit coupled magnetic impurity and find 1) a giant zero-temperature spin Hall
conductivity that depends solely on the Fermi energy and 2) a transverse spin diffusion mechanism
that modifies the standard Fick’s diffusion law. Our predictions can be readily verified by measuring
the longitudinal and transverse spin diffusion coefficients in dilute magnetic alloys.
Introduction– Topological materials with strong elec-
tronic correlation and large spin-orbit coupling (SOC)
[1–7] are promising platforms for the realization of ex-
otic phases of matter, with potential applications in spin-
tronics [8–13]. One recent example that is being in-
tensively researched are the Weyl-Kondo semimetals in
heavy fermion compounds [14–16]. Below the (Kondo)
coherence temperature, the local magnetic moments in
these materials form a topologically non-trivial band
with Weyl points pinned at the Fermi level. The exis-
tence of the latter is believed to lead to the giant Hall
effect observed without spontaneous magnetization in
Ce3Bi4Pd3 [17]. In the opposite limit of a coherent
band structure, a giant spin Hall conductivity has also
been observed in magnetic alloys of FePt/Au [18] due
to resonantly-enhanced skew-scattering of an impurity
in the Kondo and mixed-valence regimes of an orbital-
dependent Kondo effect [19]. Driven by these exciting
developments, in this letter we present a kinetic the-
ory that is capable of dealing with both large SOC and
the strong electronic correlations resulting from Kondo
screening of magnetic impurities. Unlike ordinary po-
tential scattering, Kondo resonance is a many-electron
phenomenon that arises from the antiferromagnetic ex-
change interaction between a local magnetic moment and
the conduction electrons. The screening of the impurity
magnetic moment results in resonant scattering of the
electrons at the Fermi energy. When the temperature is
much lower than the Kondo temperature, the scattering
of conduction electrons at the Fermi energy approaches
the unitary limit. In such conditions and in the pres-
ence of large SOC, we found that the spin-Hall effect is
substantially enhanced and the spin diffusion coefficients
become anisotropic. The abundance of dilute magnetic
alloys allow our predictions to be readily tested by exist-
ing experimental techniques (e.g. [20]).
The most direct manifestations of SOC in transport ex-
periments are the anomalous Hall effect (AHE) [21] and
the spin Hall effect (SHE) [22]. There is a rather long
history in identifying the dominant microscopic mecha-
nisms contributing to these phenomena in various mate-
rials. Depending on the origin of SOC, one usually dis-
tinguishes between intrinsic and extrinsic contributions
to the transverse conductivity. The former is related to
SOC generated by the periodic crystal potential of the
crystal lattice and encoded in the electronic band struc-
ture, while the latter originates from the SOC of ran-
domly distributed impurities. In turn, the extrinsic con-
tribution is further divided into two distinct mechanisms:
the so called skew-scattering and side-jump mechanisms.
The skew-scattering arises due to the Mott asymmetry
of the scattering cross section and therefore it can be
readily incorporated in the collision integral of the ki-
netic (Boltzmann-like) equation. Among all mechanisms,
the side-jump [23–30] appears to be the least understood.
Physically it can be attributed to a spin-dependent trans-
verse shift (jump) of a wave packet scattered off the impu-
rity. Since this effect does not show up in the scattering
cross section, its inclusion in the kinetic theory is by no
means straightforward. It is typically done heuristically
by defining a coordinate “jump” δr of a wave packet, in-
troducing the related anomalous velocity and a modified
quasi-particle energy, and incorporating these ingredients
into the kinetic equation using reasonable, but still non-
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2rigorous arguments. On the other hand, a formal jus-
tification of the above procedure and/or derivations of
the side-jump contribution from the rigorous quantum
kinetic theory practically always rely on the lowest order
Born approximation. Such an approach fails for mag-
netic impurities made with heavy elements in the Kondo
screening regime when neither scattering nor SOC can be
considered weak. This motivates us to develop a kinetic
theory to properly describe all extrinsic mechanisms, in-
cluding side-jump, on equal footing self-consistently and
non-perturbatively.
In this letter, we derive a kinetic theory for the quasi-
particle spin-density matrix to describe spin-coherent
transport in dilute magnetic alloys. The collision inte-
gral of the kinetic theory is parametrized by the exact
single-impurity scattering S-matrix and its first momen-
tum derivative, the latter being responsible for the side-
jump. From the kinetic equation we obtain coupled spin-
charge diffusion equations, and relate the diffusion coef-
ficients, the spin Hall angle, and the spin-swapping co-
efficient [31] to the impurity S-matrix. We demonstrate
that large SOC modifies the standard Fick’s law of spin
diffusion: in addition to the standard ∇2s, the diffusion
operator acquires a new term ∼ ∇(∇ · s) because even
for an isotropic scatterer, SOC breaks the spin-rotation
symmetry. Next, we consider an toy model for a quantum
impurity that has a single scattering channel (l = 1) and
find that, contrary to conventional wisdom [21] , the spin
Hall conductivity is dominated by the side-jump where
σsH = 2ekF /(9pi
2~) where kF is the Fermi-momentum.
Finally, we discuss experimental methods to verify our
predictions.
Kinetic Theory We start from the Kadanoff-Baym
equation for nonequilibrium Green functions. Keep-
ing only leading order in the impurity density nim we
sum up exactly the whole Born series for each impu-
rity [32] and perform gradient expansion to obtain a ki-
netic equation [33] for the quasi-particle spin-density ma-
trix nˆp ≡ nˆp(r, t). Thus, we obtain,
∂tnˆp + vp · ∇rnˆp + i[ΣHp , nˆp] = Iˆ0[nˆp] + Iˆ1[nˆp]. (1)
Here p = p
2/(2m∗) is the quasi-particle energy, vp =
∇pp, and ΣHp = nim(TRpp + TApp)/2 is the mean-field
generated by impurities, where T
R(A)
pk is the exact single-
impurity retarded (advanced) scattering T -matrix. The
T -matrix also determines the collision integrals in the
right-hand side of Eq. (1), which describes, amongst
other effects, the momentum and spin relaxation caused
by impurity scattering:
Iˆ0[nˆp]α,β = 2pinim
∑
k
δ(p − k)
(
TRpk nˆk T
A
kp −
1
2
{
TRpkT
A
kp, nˆp
})
αβ
−→ −nim
2pi
∑
k
Λαβ,γδ(p,k) δnˆk,γδ, (2)
Iˆ1[np]α,β = pinim
∑
k
δ(p − k) i
(
TRpk (∇rnˆk) ·
(
DpkT
A
kp
)− h.c. )
αβ
−→ pinim
∑
k
Vαβ,γδ(p,k) · ∇rδnˆk,γδ, (3)
where Dpk = ∇p +∇k is a momentum shift generator.
Eqs. (2) and (3) are the main results of this work and
provide the basis for our combined treatment of strong
Kondo correlations and large SOC. Eq. (2) is the matrix
generalization [31, 34] of the golden-rule collision inte-
gral derived by Luttinger and Kohn [35], which has a
Lindbladian structure often encountered open quantum
systems [36]. As we will see shortly, the integral Iˆ1[np]
in Eq. (3) is responsible for the side-jump mechanism. It
is linear in ∇rnˆk and couples to the “anomalous veloc-
ity” generated by disorder, as DpkT
A
pk = i〈p|[TA, r]|k〉.
The role of the collision integral Iˆ1 is twofold. Firstly,
because Iˆ1 ∼ ∇rnˆk, it renormalizes the velocity entering
the drift term of Eq. (1) thus generating the anomalous
contribution to the current. Secondly, in the presence
of an external field that can be introduced as a nonuni-
form electro-chemical potential (∇rµ = eE) in nˆk, i.e. it
generates a coupling to the driving field, proportional to
nim. The latter leads to the very special scaling with the
impurity concentration of the side-jump contribution to
the transport coefficients. In particular, the correspond-
ing contribution to the Hall conductivity is independent
on nim – the well known signature of the side-jump mech-
anism [21, 22]. When the T-matrix is replaced with a
scattering potential (i.e. Born approximation), Iˆ1 recov-
ers the side-jump formula derived in Ref. [23].
In the most practically important linear regime, the
deviation of nˆk from the Fermi function nF (k) is bound
to the Fermi surface (FS), nˆk − nF = δ(k − F )δnˆk,
where F is the Fermi energy. In this regime the col-
lision integrals Iˆ0 and Iˆ1 simplify as shown by arrows
in Eqs. (2) and (3), respectively. The fourth rank ten-
sors Λˇ(p,k) and Vˇ (p,k) depend only on directions of
momenta and act as superoperators on the FS den-
sity matrix δnˆk. They are conveniently expressed in
terms of the scattering S-matrix Sαβ(p,k) and the on-
shell T -matrix tαβ(p,k) =
1
2pii [δpkδαβ − Sαβ(p,k)] ≡
3δ(p − k)Tαβ(p,k) :
Λαβ,γδ(p,k) = δpkδαγδβδ − Sαγ(p,k)S∗βδ(p,k), (4)
Vαβ,γδ(p,k) = tαγ(p,k)i(
−→
Dpk −←−Dpk)t∗βδ(p,k). (5)
Λαβ,γδ has a typical form of a relaxation superoperator
commonly used to describe spin decoherence in atoms
and molecules [37, 38]. The vector-valued “velocity su-
peroperator” Vαβ,γδ is related to the momentum-gradient
of the scattering phase and thus to the coordinate shift
of the scattered wave packet. In fact, Eqs. (5) and (3)
provide a precise non-perturbative definition of the side-
jump process and clarify the way it enters a consistent
quantum kinetic theory.
Diffusive limit– In a typical transport situation the
momentum relaxation length (mean free path) is much
shorter than characteristic scales of space inhomo-
geneities. In this so called diffusive regime the distribu-
tion function δnˆk becomes almost isotropic and is fully
determined by its 0th
∑
k δnˆk and 1st
∑
k kδnˆk mo-
ments:
NF δnˆk ≈ ρ1 + saσa + 3ki(gi01 + giaσa), (6)
where σa are Pauli matrices, 1 is a 2×2 unit matrix, NF
is the density of states at FS, ρ and s are the charge
and spin densities, and gi0 and gia are charge and spin
parts of the 1st moment. By substituting Eq. (6) into the
kinetic equation and taking its 0th and 1st moments we
get a system of equations for above quantities coupled
with the moments of superoperators Λˇ and Vˇ . Then,
elimination of gi0 and gia yields a closed set of equations
of motion for ρ and s – the charge-spin diffusion equations
which we now derive explicitly.
To be specific we assume isotropic impurities. This
implies that the T -matrix is inversion and rotation in-
variant. It is then natural to decompose 2-rank tensors
gja (spin 1st moment) and ∂jsa (gradient of spin density)
into three irreducible components labelled by the tensor
weight m = 0, 1, 2:
Gm=0ja =
1
3
δjagii , G
m=1
ja =
1
2
(gja − gaj),
Gm=2ja =
1
2
(gja + gaj)− 1
3
δjagii (7)
Pm=0ja =
1
3
δaj∂isi , P
m=1
ja =
1
2
(∂jsa − ∂asj),
Pm=2ja =
1
2
(∂jsa + ∂asj)− 1
3
δaj∂isi (8)
The 0th moment of kinetic equation gives the charge and
spin continuity equations,
∂tρ+ ∂jJj = 0, ∂tsb + ∂jJjb = −sb/τs, (9)
where the charge Jj and spin Jjb currents are propor-
tional to the charge and spin 1st moments of δnˆk:
Jj = (1− Ωc) gj0 − Ωcs jkaGm=1ka , (10)
Jjb =
2∑
m=0
(1− Ωm)Gmjb + Ωsc jbk gk0. (11)
Here jka is the Levi-Civita tensor. In the above, the spin
relaxation time τs is determined by the angular average
of the relaxation superoperator Λˇ, τ−1s ∼ nimtr〈σaΛˇσa〉
while the six kinetic coefficients Ωc, Ωm, Ωcs and Ωsc
are generated by velocity superoperator Vˇ , e.g. Ωsc ∼
nimtr〈σ · (k× Vˇ )1〉 [33]. From Eqs. (10)-(11), it is clear
that Ωc and Ωm renormalize the effective charge and ve-
locities. In addition, the presence of Ωcs and Ωsc intro-
duces a “mixing” of the charge and spin flows. In fact,
the coefficients Ωcs and Ωsc are basic primitives respon-
sible for the side-jump mechanism of the charge-to-spin
conversion.
By taking the 1st moment of the kinetic equation, and
setting ∂t = 0 in the diffusive limit, we find the following
equations relating the 1st moments of δnˆk to the charge
and spin density gradients,
D
(
Ωc − 1 Ωsc
−2Ωcs Ω1 − 1
)(
∂iρ
Pi
)
=
(
1 −θsk
2θsk γ1
)(
gi0
Gi
)
(12)
D(1− Ωm)Pmib = −γmGmib , m = 0, 2 (13)
where Gi ≡ ijbGm=1jb and Pi ≡ ijbPm=1jb are the duals of
antisymmetric tensors, D = v2F τtr/3 is the bare diffusion
constant θsk = ωskτtr is the skew-scattering contribution
to the spin Hall angle, and γm = τtr/τm. Here τtr is the
usual transport relaxation time, τm are relaxation times
for the tensor modes of Eq. (7), and ωsk is the skew-
skattering rate. The relaxation times τs, τtr, τm, and the
rate ωsk parametrize the effects of the collison integral
Iˆ0, Eq. (2) [33].
By solving Eqs. (12)-(13) for gi0 and G
m
ja and substi-
tuting them into Eq. (10) and (11), we find the following
constitutive relations between the currents and the gra-
dients of charge and spin densities,
Jj = −Dc∂jρ−DθsH jka ∂ksa (14)
Jjb = −
2∑
m=0
DmP
m
jb −DθsH jkb ∂kρ. (15)
These relations are parameterized by five kinetic coeffi-
cients: the spin Hall angle θsH . [39], charge diffusion
4constant Dc and three spin diffusion constants Dm,
θsH =
(1− Ωc − Ω1)θsk − Ωcs − Ωscγ1
γ1 + 2θ2sk
(16)
Dc = D
γ1(1− 2Ωc) + 4θskΩcs
γ1 + 2θ2sk
(17)
D1 = D
(1− 2Ω1) + 4θskΩsc
γ1 + 2θ2sk
(18)
Dm = D(1− 2Ωm)/γm , m = 0, 2 (19)
This completes the simplification of kinetic theory in
the diffusive limit. Equations (9), (14), and (15) describe
a coupled spin-charge diffusion in the presence of arbi-
trary strong impurity scattering and SOC. The linear
response to an external field can be read-off from the
diffusion equation using the Einstein relation. For exam-
ple, an electric field E is introduced by the replacement
∇ρ 7→ ∇ρ − eENF . Then the bulk response is found
from Eqs. (14) and (15) and characterized by the charge
conductivity σc = e
2DcNF , and a transverse spin (Hall)
conductivity σsH = eDθsHNF .
Instead of parameterizing the spin current by the co-
efficients Dm it is instructive to separate explicitly a di-
vergenceless part of Jjb and rewrite Eq. (15) as follows,
Jjb = −DTs ∂jsb − (DLs −DTs )∂bsj
− κ(∂bsj − δjb∂ksk)−DθsH jkb∂kρ, (20)
where DTs = (D1 + D2)/2, D
L
s = (D0 + 2D2)/3, and
κ = (D2 −D0)/3. The third term entering this equation
with the coefficient κ is the “swapping current” predicted
in [31]. Since the swapping current and the spin Hall cur-
rent have zero divergence, only the first line in Eq. (20)
contributes to the bulk spin diffusion equation,
∂ts−DTs ∇2s− (DLs −DTs )∇(∇ · s) = −s/τs. (21)
Besides the usual Fick’s term∼ ∇2s [40, 41], the diffusion
operator above contains an additional term ∼ ∇(∇ · s)
that breaks the spin-rotation symmetry while preserv-
ing the full space+spin rotation invariance respected by
SOC. Physically, the new term leads to a different dif-
fusion laws for the transverse sT (with ∇ · sT = 0) and
longitudinal sL (with ∇ × sL = 0) components of the
spin density. In fact, DTs and D
L
s are the diffusion con-
stant for sT and sL, respectively. To the leading order
in SOC, we find DLs ≈ DTs , so a sufficiently large SOC is
needed to make the effect sizable as we show next.
Spin-charge coupling for dilute quantum impurities
with large SOC– The T -matrix of an isotropic impu-
rity is constrained to take the following form TRpk() =
A+ iB (p× k) ·σ. where A and B are functions of scat-
tering angle p·k and incident energy . In order to clearly
illustrate the essential physical phenomena resulting from
Kondo resonance, we assume the magnetic impurities in
the dilute magnetic alloy are described by toy-model il-
lustrated in Fig. 1. At zero temperature, for electrons at
✏F
V
j =  1/2
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FIG. 1. A quantum impurity with energy levels splitted by
spin-orbit coupling. The impurity has a single l = 1 orbital
that coupled to a spin-degenerate electron gas. When a single
electron occupies the lower j manifold at zero temperature,
the phase-shift of conduction electrons is η1 = pi/2.
the Fermi energy ( = F ), the scattering parameters of
the impurity is given by A = B = −i/(piNF p2F ) where
NF is the density of states [33].
Using the general formula given in Ref. [33] and sub-
stitute them into Eq. (16), we find γ1 = 1 and the spin
Hall angle θsH = −Ωcs − Ωsc only receives contribution
from side-jump process whilst the skew-scattering contri-
bution exactly vanishes, i.e. θsk = 0. As a consequence,
we arrive at the striking result that the spin Hall conduc-
tivity receives no contributions from mechanisms other
than the side-jump: [42]
σsH =
2ekF
9pi2~
. (22)
Besides fundamental constants, σsH depends only on
kF because scattering of conduction electrons at the
Fermi level with magnetic impurities becomes unitary
(i.e. phase-shift η1 = pi/2) at zero temperature. Such
unitary resonant scattering condition is very difficult to
obtain in metals with ordinary (i.e nonmagnetic) impuri-
ties. If we take a typical Fermi momentum kF = 10
9m−1,
the spin Hall conductivity eσsH ∼ 5× 106(Ω cm)−1, that
is, close to σxx for a good three-dimensional metal [43].
Besides the enhanced spin Hall effect, this quantum im-
purity toy-model also predicts a universal ratio between
the longitudinal and transverse spin diffusion constant:
DTs
DLs
=
2
5
(23)
Equations (22) and (23) are examples where spin trans-
port coefficients are dramatically modified by the zero-
temperature Kondo screening.
Discussion and Summary– We considered an impu-
rity model with a single scattering channel with phase-
shift η1 = pi/2 and found a large σsH at zero tem-
perature that receives contribution from side-jump pro-
cess only. Experimental measurement of the predicted
σsH would receive the following corrections. First of
all, in the presence of a non-universal s-wave channel,
A → A − i sin η0eiη0/piNF , where the phase-shift η0 is
not enhanced by the Kondo resonance, σsH will receive a
5correction proportional to η0/nim that arises from skew-
scattering. Secondly, at finite temperature especially
when T . TK , inelastic scattering related to the breaking
of polarization of Kondo screening cloud becomes impor-
tant [44] and irrelevant corrections to the strong-coupling
quantum impurity Hamiltonian [45] must be taken into
account. A more realistic model of the magnetic im-
purities [44] is far from trivial especially when there is
no clear hierarchy of energy scales between crystal-field
splittings, SOC and multi-valence mixing, thus we shall
relegate this to a future work.
The other prediction of our theory, anisotropic spin-
diffusion constant, can be more readily tested in the
experiment. Since an electric field can couple to sT
via SHE, DTs can be inferred from the non-local volt-
age enhancement in a standard van-der-Pauw 4-terminal
device. Independently, DLs can be determined from
spin-injection experiments where non-equilibrium spin-
density is injected through spin-polarized contact like Co.
These measurements can uniquely determine kinetic co-
efficients in Eq. (21) and allow us to study the nature of
quantum impurity.
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1Supplementary Material: Enhancement of Spin-charge Conversion in Dilute Magnetic
Alloys by Strong Electronic Correlations
This appendix is organized as follows. In Section I, we derive the kinetic equation for a (2× 2) spin-density matrix
in the presence of dilute ensemble of impurities.In the maintext, the kinetic equation is solved for an isotropic disorder
in the diffusive limit without assuming smallness in spin-orbit coupling. The solution is characterized by 12 scattering
parameters and we provide the definition of these scattering parameters with the collision integral in Section II. In
section III, we discuss the T-matrix of a quantum impurity in the Kondo screening regime.
I. DERIVATION OF KINETIC EQUATION
In this section, we derive the kinetic equation given in the main-text using the non-equilibrium Green function
formalism. The derivation of kinetic equation from this formalism is a standard tool that has been widely used in
many areas in physics so we shall be brief.
A kinetic theory aims to describe the dynamics of many-particle system with a distribution function np(r, t). The
time evolution of distribution function can be written as (∂t + vp · ∇r)np(r, t) = C[np(r, t)] where C is a complicated
differential-integral operator and it inevitably has to be approximated by some small parameters in a theory. For
impure metal in the diffusive limit, C is usually expanded to linear order in spatial non-locality (∇r) and nim where
nim is the impurity density. In this work, we go beyond the usual expansion scheme to include term at order nim∇r.
This term has important consequences for metals with SOC disorder as it describes the side-jump mechanism and, as
shown below, for a quantum impurity in the Kondo regime with its magnetic moment quenched by the conduction
electrons, the side-jump leads to large transverse conductivity σsH ∼ e2kF /h.
The first step in formulating a kinetic theory is to use the equation of motion for a contour-ordered Green funtion
Gˇ (1, 2) = −i〈Tcψ(1)ψ†(2)〉 where 1 = r1, t1, σ1 labels the space, time and spin of a quasi-particle. In this section,
we denote all contour-ordered quantities with a check, e.g. Σˇ. The equations of motion are the non-equilibrium
generalization of the Dyson equation:
∂t1Gˇ(1, 2)− iξ1Gˇ(1, 2) = −i
∑
σ=±1
∫
Ω
d3r3
∫
γc
dt3 Σˇ(1, r3t3σ3)Gˇ(r3t3σ3, 2) (S1)
∂t2Gˇ(1, 2)− iGˇ(1, 2)ξ2 = −i
∑
σ=±1
∫
Ω
d3r3
∫
γc
dt3 Gˇ(1, r3t3σ3)Σˇ(r3t3σ3, 2) (S2)
where ξ1 = −∇2r1/2m∗ is the kinetic energy and Σˇ is the self-energy defined on the complex time contour. Note
Σˇ = Σˇ[Gˇ] is a functional of Gˆ. In the above, Ω is the integration volume and γc is an integration contour for the
complex time which we take it to be the standard Keldysh-contour. Gˇ contains information about the dynamics of
quasi-particle energy spectrum and the distribution function of quasi-particles. For example, if we subtract Eq.(S1)
from (S2) and take the lesser component on the time-contour, we arrived at equation of motion for a matrix-valued
distribution function G< (1, 2) = −iρˆ(1, 2) = −i〈ψ†(2)ψ(1)〉:
(∂t1 + ∂t2 − i(ξ1 − ξ2))G< = −i
(
ΣR ⊗G< + Σ< ⊗GA −GR ⊗ Σ< −G< ⊗ ΣA) (S3)
In the above, we used standard Langreth-rule and the convolution operator A⊗B = ∑σ ∫Ω dr3 ∫∞−∞ dt3A(1, 3)B(3, 2)
is used to lighten the notation. Note the time-integration runs from −∞ to ∞. In the above, ΣR(A) and Σ< are the
retarded (advanced) and lesser self-energy. In order to extract information about the quasi-particle spectral weight
A = 12i (G
> −G<) = 12i (GR −GA), we write down the equation of motion for G> and subtract it from Eq.(S3). The
result reads:
(∂t1 + ∂t2 − i(ξ1 − ξ2))A = −
i
2
[
ΣR + ΣA⊗, A
]− 1
4
[(
ΣR − ΣA)⊗, (GR +GA)] = 0 +O(nim) (S4)
Equation (S3) and (S4) are coupled equation of motion. For impurity induced self-energy, we are mainly interested
in describing the collision of quasi-particles with impurities and not the quasi-particle spectrum renormalization.
To the leading (i.e. zeorth) order in impurity density, one can set the right hand side of Eq.(S4) to zero then
GR(A)(ω,p) = (ω − p ± iδ)−1 and A(r, t,p, ω) = −piδ(ω − p) where p = p2/2m∗ is the bare quasiparticle energy.
Next, we substitute GR(A)(ω,p) = (ω − p ± iδ)−1 into Eq. (S3) and express it in Wigner coordinates:
(∂t + vp · ∂r)G<(r, t,p, ω) + i
2
[
ΣR(p, ω) + ΣA(p, ω), G<(r, t,p, ω)
]
= I<(r, t,p, ω) (S5)
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FIG. S1. Expansion of self-energy to linear order in density of impurity. Note the contour ordered Green-function is not
diagonal in momentum index. The dot and star represent the impurity potential and scattering-phase respectively. Unlike the
equilibrium case, the scattering phase is different even if it is generated by the same impurity located at ra. Here p± = p±q/2,
p ′± = p
′ ± p ′/2 and p ′′± = p ′′ ± q ′′/2.
I<(r, t,p, ω) = 2piδ(ω − p)Σ<(r, t,p, ω) + 1
2i
{ΣR(p, ω)− ΣA(p, ω), G<(r, t,p, ω)} (S6)
Note that, in the above expressions, we have used ΣR = ΣR[GR] = ΣR(p, ω), which is independent of r and t, and
similarly for ΣA. This is in general not true in a superconductor where the spectral weight is space-time dependent
and extra care must be taken in retaining higher corrections in I<. To leading order in impurity density, the lesser
Green function takes the standard form
G<(ω,p, r, t) = −2iA(r, t,p, ω)nˆp(r, t) = 2piiδ(ω − p)nˆp(r, t), (S7)
where the spectral function A is independent of impurity density. Next, we perform the ω integration and arrived at
the equation of motion for the distribution function:
(∂t + vp · ∂r)nˆp(r, t) + i
2
[
ΣR(p, p) + Σ
A(p, p), nˆp(r, t)
]
= I<(r, t,p, p) (S8)
I<(r, t,p, p) = −iΣ<(r, t,p, p) + 1
2i
{ΣR(p, p)− ΣA(p, p), nˆp(r, t)} (S9)
The discussion so far follows the standard procedure but some extra care is needed to keep track of the proper
arrangement of the Green function and the self-energy matrices. In the following, we evaluate the non-equilibrium
self-energy by impurity density expansion and retain important finite ∇r (or q) correction. The self-energy is most
conveniently computed in plane-wave basis. To leading order in impurity density, electrons scatter with the same
impurity located at ra multiple times. The resulting Born series is given by the following expression:
Σˇ(p+,p−) =
1
Ω
Nim∑
ra=1
eiq·ra
(
Vp+p− +
∑
p′+p
′
−
Vp+p′+Gˇ(p
′
+p
′
−; ra)Tˇ (p
′
−,p−; ra)
)
(S10)
=
1
Ω
Nim∑
ra=1
eiq·ra Tˇ (p+,p−; ra) (S11)
where p± = p±q/2 and p′± = p′±q′/2. We shall not write out the frequency argument to lighten the notation. Here
Gˇ(p′+p
′
−; ra) ≡ eiq
′·raGˇ(p′+p
′
−) contains a scattering phase q
′ · r generate by impurity at position ra.Note that for
magnetic impurities considered in the main text, we work at temperatures much lower than the Kondo temperature
where the magnetic moment has been quenched by the conduction electrons (see discussion in Sec. III below). Under
renormalization, the scattering matrix of the impurity flows to that of a non-magnetic scatterer, which nonetheless
still has a non-trivial (matrix) structure in spin space due to the existence of a large SOC at the impurity. In the
diagram resummation shown in Fig. S1, focusing on zero-temperature, we have neglected the irrelevant corrections to
the strong-coupling fixed-point Kondo Hamiltonian. The latter correspond to inelastic processes in the local Fermi
liquid theory, which result from the virtual polarization of the Kondo screening cloud [S44]. Since we are dealing with
elastic-scattering, the scattering vertex is diagonal in frequency ω.
3Note the contour-ordered Gˇ is not diagonal in momentum p so the scattering-phase is different at each scattering
vertex, see Fig.S1. However, since the retarded (advanced) Green function is diagonal in momentum p, GR(A)(ω,p) =
(ω − p ± iδ)−1, the scattering-phase is trivially zero and the corresponding retarded (advanced) self-energy reads:
ΣR(A)(p+p−) =
1
Ω
Nim∑
ra=1
eiq·raTR(A)(p+,p−) ≡ nimTR(A)pp δq,0 (S12)
where T
R/A
pp is the exact T-matrix generated by a single impurity that is independent of ra. It can be computed, for
example, by solving the Lippmann-Schwinger equation TR = (1 − V GR)−1V . In particular, they follow the optical
theorem:
ΣR(p,p)− ΣA(p,p)
2i
= −pinim
∑
k
δ(p − k)TRpkTAkp (S13)
Unlike ΣR(A), the lesser self-energy Σ< is not diagonal in p. If we take the lesser component of Eq.(S11), we find that
the lesser self-energy has the following important structure
Σ<(p+,p−) =
1
Ω
Nim∑
ra=1
eiq·ra
∑
p′+p
′
−
TR(p+,p
′
+)G
<(p′+p
′
−; ra)T
A(p′−,p−). (S14)
Next, we summed over the impurity density and this fixed the external relative moment q to the internal momentum
q′. The resulting equation reads:
Σ<
(
p+
q
2
,p− q
2
)
= nim
∑
k
TR
(
p+
q
2
,k +
q
2
)
G<
(
k +
q
2
,k − q
2
)
TA
(
k − q
2
,p− q
2
)
(S15)
We are typically interested in the phase-space of scattering where |k|, |p| ∼ pF and pF  |q|. Here q represents the
thin-shell of scattering phase-space around the isotropic Fermi surface. Next, we formally expand the T-matrix (in
plane-wave basis) as follow:
TR
(
p+
q
2
,k +
q
2
)
= e
1
2q·DpkTRpk , T
A
(
k − q
2
,p− q
2
)
= e−
1
2q·DpkTAkp (S16)
where Dpk = ∇p +∇k and TR(A)pk ≡ TR(A) (p,k) is the T-matrix with q = 0. To proceed further, we substitute the
above formula into Σ< and performed Wigner transformation (q → −i∇r) to arrive at the following lesser self-energy:
Σ<(r, t,p, p) (S17)
=2pinim
∑
k
TRpke
− i2
←−
Dpk
−→∇r nˆk(r, t)e
i
2
←−∇r−→DpkTAkpδ(k − p) (S18)
=2pinim
∑
k
δ(k − p)
[
TRpknˆk(r, t)T
A
kp +
i
2
(
TRpk
←−
Dpk
−→∇rnˆk(r, t)− h.c.
)]
+O(∇2r) (S19)
Lastly, we substitute Eq.(S13) and Eq.(S19) into Eq.(S9) and arrive at the following collision-integral I<(r, t,p, p) =
I0[np] + I1[np] where,
I0[np] = 2pinim
∑
k
δ(p − k)
[
TRpk nk T
A
kp −
1
2
{
TRpkT
A
kp, np
}]
(S20)
I1[np] = pinim
∑
k
δ(p − k) i
[
TRpk ∂rnk ·
(
DpkT
A
kp
)− (DpkTRpk) · ∂rnk TAkp] (S21)
Eq.S20 and S21 are the basic equation of the collision integral discussed in the main text. In order to gain more
physical insight, we shall express them in terms of the scatterig S-matrix using the relationship between the S-matrix
and T -matirx:
Sαγ(p,k) = δpkδαγ − 2pii tαγ(p,k) (S22)
4In the above, we introduce a dimensionless on-shell T-matrix tαγ(p,k):
tαγ(p,k) = δ(p − k)Tαγ(p,k). (S23)
In the remaining of this section, we shall simply denote the retarded T-matrix as Tαγ(p,k) = 〈pα|T (+ iδ)|kβ〉 and
dropped the R label (i.e. Tαγ(p,k) = 〈α|TRpk|β〉 in the main-text). The advanced T-matrix is related to the retarded
T-matrix by Hermitian conjugate TAαβ(k,p) = T
∗
βα(p,k) . From unitarity of the S-matrix (SS
† = 1), we obtained
following important relation that is sometimes called the generalized optical theorem:
2pi
∑
p′
tγα(p
′,k) t∗γβ(p
′,p) = i
(
tαβ(p,k)− t∗βα(p,k)
)
(S24)
When we consider forward scattering p = k, this reduces to the usual optical theorem.
Let us discuss Eq.S20. For isotropic impurity, the Hermitian part of the self-energy ΣHp = nim(T
R
pp + T
A
pp)/2 only
has charge component (i.e. proportional to identity matrix) and it drops out in the kinetic equation [ΣHp , nˆp] = 0. In
case it has a spin-component (e.g. Rashba type spin-orbit coupling), we can combine it with I0 and let
I0[np] = −i[ΣHp , np] + I0[np]. (S25)
Using Eq.S24, we express the anticommutator in Eq.(S20) to linear order in T and combined with ΣHp to arrive at
the following:
I0[np] = i nim(npT
A
pp − TRppnp) + 2pinim
∑
k
δ(p − k)TRpk nk TAkp (S26)
In equilibrium, the quasiparticle is distributed according to a Fermi-Dirac distribution nF (k) and it does not con-
tribute to the collision integral I0[nF (k)] = 0. In the important linear response regime, the deviation of the Fermi
surface is bound on the Fermi surface:
nˆk = nF (k) + δ(k − F )δnk (S27)
where F is the Fermi energy. Then, we can parametrize I0[np] with on-shell T-matrix as follow:
I0[np]
∣∣∣∣
αβ
= −nim
∑
k
[
iδkp[δβδtαγ(p,k)− δαγt∗βδ(p,k)]− 2pitαγ(p,k)t∗βδ(p,k)
]
δnγδ(k), (S28)
= −nim
2pi
∑
k
Λαβ,γδ(p,k) δnγδ(k), (S29)
where the relaxation superoperator reads,
Λαβ,γδ(p,k) = δpkδαγδβδ − Sαγ(p,k)S∗βδ(p,k). (S30)
To derived the last line, we simply spell out the product S∗βδ(p,k)Sαγ(p,k) using Eq.S22. Note the relaxation
superoperator has positive real eigenvalues and it describes the decay of the excitations on the Fermi surface. It is
also worth noting that the conservation of charge follows from the unitarity of the S-matrix:∑
p
Λαα,γδ(p,k) = δδγ −
∑
p,α
Sαγ(p,k)S
∗
αδ(p,k) = δδγ − δγδδkk = 0 (S31)
The matrix elements of I1 in Eq. S21 read as follow:
I1[np]
∣∣∣∣
αβ
= pinim
∑
k
δ(p − k)
[
Tαγ(p,k) i
←→
D pkT
∗
βδ(p,k)
]
· ∇rnk,γδ (S32)
= pinim
∑
k
Vαβ,γδ(p,k) · ∇rδnk,γδ (S33)
where
←→
D pk =
−→
Dpk −←−Dpk, −→Dpk = ∇p +∇k and the velocity-operator defined in the above and main-text reads as
follow:
Vαβ,γδ(p,k) = tαγ(p,k) i
←→
D pk t
∗
βδ(p,k) (S34)
5In deriving the second line, we used Eq.S27. The vector V is a matrix analog of side-jump defined in the degenerate
space of a given band. From the properties of the T-matrix, we can see that the velocity operator is hermitian
Vαβγδ(p,k) = V
∗
γδαβ(k,p). To convince ourselves that the velocity matrix is simply a shift in scattering phase, we
can express V in terms of S-matrix using Eq. S22:
I1[nˆp]αβ = −nim
4pi
∑
k
[
δkpδαγδβδ2DpkImS0(p,k)− Sαγ(p,k)i←→D pkS∗βδ(p,k)
]
· ∇rδnˆk,γδ (S35)
where we have used the following property DpkSαβ(p,k)|p=k = DpkS0(p,k)|p=kδαβ for isotropic impurity. While
the first term is diagonal in the spin index, the second term contributes to important spin-charge correlation.
II. SOLUTION IN THE DIFFUSIVE LIMIT
As mentioned in the main text, transport in the diffusive limit is completely governed by the zeroth moment
(
∑
k nˆk) and first moment (
∑
k knˆk) response of the Fermi surface. For a Fermi surface that is comprised of a single
spin-degenerate band, we can separate the response into three categories: the charge density ρ = NFµc which is a
scalar, the spin-polarization (sb = NFµs,b) and charge first-moment gl0 which are rank-1 tensor with 3 components,
and the spin first moment glb which is a rank-2 tensor with 9 independent components. We can further decompose
glb into three irreducible spherical tensors G
m
lb with weight m = 0, 1, 2. Readers should not confuse G
m
lb with various
Green functions introduced in previous sections.
In linear response theory, the kinetic equation can be reduced to a matrix equation that relate different responses
(ρ, sb, gl0, Glb, ∂lsb, ∂lρ) with each other according to the symmetry of the disorder potential and Fermi-surface. For
an isotropic Fermi surface and disorder potential, these matrices are spanned by isotropic tensors of different rank.
As a result, we can write down the equations of motion solely based on symmetry principle. To illustrate how this
works, let us consider the uniform limit where the kinetic theory takes the following simple form:
∂tnp,αβ = −nim
2pi
∑
k
Λαβ,γδ(p,k) δnk,γδ, (S36)
where the relaxation superoperator Λ is defined in Eq. (S30). Without explicit calculations, we write down equations
of motion for the zeroth and first moment using isotropic tensors δjl, jkl and Tmjbal. There are three 4th rank isotropic
tensors with weight m = 0, 1, 2:
Tm=0jbla =
1
3
δjbδla , T
m=1
jbal =
1
2
[
δjaδbl − δjlδba
]
, Tm=2jbal =
1
2
[
δjaδbl + δjlδba
]
− 1
3
δjbδla (S37)
Note they are mutually orthogonal and normalized to 2m+ 1. Importantly, they preserve the weight of the rank-two
tensors, TmjbalG
m
la = G
m
jb for m = 0, 1, 2.
The rate equation for the zeroth and first moment are constrained by the symmetry to take the following form:
∂tρ = 0 , ∂tsa = −δab
τs
sb (S38)
∂tgj0 = −δjl
τtr
gl0 + ωskjkaG
m=1
la (S39)
∂tG
m
jb = −
1
τm
Gmjb , m = 0, 1, 2 (S40)
The physical meaning of various scattering rates are transparent. τs and τtr are the familiar spin-relaxation time and
transport lifetime (i.e.˜momentum relaxation time) respectively. The spin first-moment Gmjb can relax at different
rate τm according to their tensor weight. Besides relaxation, the most interesting scattering process above is the
skew-scattering ωsk: it describes the “conversion” between charge and spin degree of freedom. While the form of the
rate equations can be apriori determined by symmetry, the scattering rates have to be evaluated microscopically using
6the Λ superoperator:
1
τtr
=
nim
4piNF
∑
pk
pˆ · kˆΛαα,γγ(p,k) (S41)
1
τs
=
nim
12piNF
∑
pk
(σa)αβΛβα,γδ(p,k)(σa)γδ (S42)
ωsk =
nim
8piNF
∑
pk
Λαα,γδ(p,k)σγδ · (kˆ × pˆ) (S43)
1
τm
=
Tmjbal
(2m+ 1)
3nim
2piNF
∑
pk
pˆj(σb)αβΛβα,γδ(p,k)(σa)γδkˆl (S44)
Note we summed over repeated indices except for the index m which is reserved for labelling three isotropic tensor
of rotation, Gm=0,1,2jb . Note the momentum index (j, l) and spin-direction index (a, b) run over three values x, y, z
while the Greek indices α, β, γ, δ are used to label the dimension of the density-matrix of a quasiparticle p and it runs
over two values. The collision between quasiparticle p and k is governed by the object Λˇ(p,k). For spinless particle,
Λˇ(p,k) is just a scalar function of momentum p and k. However, for spin degenerate bands, Λˇ(p,k) is a 4th-rank
tensor and it acts as a superoperator on the Fermi-surface density matrix δnˆk. The transport lifetime τtr arised from
a contracting Λˇ with the charge-component of the density matrix (i.e. indentity-matrix). In constract, τs arised from
contracting Λˇ with the spin-component of the density matrix (i.e. Pauli-matrices). The skew-scattering rate ωsk arised
from contracting Λ with a spin Pauli matrix and an indentity matrix: this clearly describes a spin-to-charge coversion
process. Lastly, τm describes relaxation time of spin-flow is obtained from contracting Λˇ with Tm.
In the presence of spatial non-uniformity (∂lρ, ∂lsb), the collision integral Iˆ1 is non-vanishing and it has two
important consequences: it renormalized the velocity of charge and spin flow and introduced additional spin-charge
coupling that is responsible for the side-jump mechanism. For isotropic disorder and Fermi surface, we can also write
down equations of motion from symmtry principle using 5 isotropic tensors δjl, jka and Tmjkba. They are given by
Eq. 9 – 12 in the maintext. Besides τtr, τs,τm and ωsk, Eqs. 9-12 are also parameterized by additional dimensionless
scattering parameters from superoperator Vˆ . They are given by the following:
Ωc =
pinim
2NFEF
∑
pk
Vαβ,βα(p,k) · k (S45)
Ωcs =
pinim
4NFEF
∑
pk
k × Vγγ,αβ(p,k) · σαβ (S46)
Ωsc =
pinim
4NFEF
∑
pk
σαβ · k × Vβα,γγ(p,k) (S47)
Ωm =
Tmjbal
(2m+ 1)
pinim
2NFEF
∑
pk
pj(σb)αβ
(
Vβα,γδ
)
l
(σa)γδ (S48)
Here Ωc and Ωm are the renormalization to the charge flow and spin flow velocity. Besides velocity renormalization,
Ωcs is the spin to charge coupling and Ωsc is the charge to spin coupling. Importantly, Ωsc and Ωcs mixed the charge
and spin flow.
In the following, we shall give explicit formula to compute scattering rates from a T-matrix. For rotational and
parity symmetric disorder, the T-matrix can be paramatereized by two scalar functions A and B in the following
form:
T (p,k, ) = A(p · k, |p|, |k|, ) + i B(p · k, |p|, |k|, ) (p× k) · σ (S49)
where we allow |p| 6= |k|. For notational simplicity, we shall not show the arguments of A and B explicitly. Substituting
the above paramterization into the general formula for scattering rates defined in Λ and V , we arrived at the following
7formula:
1
2piNFnimτtr
=
∫
dΩ
4pi
(|A|2 + |B|2p4F sin2 θ)(1− cos θ) > 0 (S50)
1
2piNFnimτs
=
∫
dΩ
4pi
|B|2p4F sin2 θ > 0 (S51)
ωsk
2piNFnim
=
∫
dΩ
4pi
p2F ImAB
∗ sin2 θ (S52)
ωsw
2piNFnim
=
∫
dΩ
4pi
p2FReAB
∗ sin2 θ (S53)
Ωc
2piNFnimEF
=
∫
dΩ
4pi
Im(A′A∗)p2F (1 + cos θ) + p
6
F Im(B
′B∗) sin2 θ(1 + cos θ) (S54)
Ωcs
2piNFnimEF
=
∫
dΩ
4pi
Re(AB∗)p2F (1− cos θ) +
1
2
[
Re(AB′∗ −A′B∗) + |B|2
]
p4F sin
2 θ (S55)
Ωsc
2piNFnimEF
=
∫
dΩ
4pi
Re(AB∗)p2F (1− cos θ) +
1
2
[
Re(AB′∗ −A′B∗)− |B|2
]
p4F sin
2 θ (S56)
Ωm=0
2piNFnimEF
=
∫
dΩ
4pi
Im(A′A∗)p2F (1 + cos θ)− Im(B′B∗)p6F sin2 θ(1 + cos θ)
− 2
[
Im(AB∗)p2F (1− cos θ) +
p4F
2
Im(AB′∗ −A′B∗) sin2 θ
]
(S57)
Ωm=1
2piNFnimEF
=
∫
dΩ
4pi
Im(A′A∗)p2F (1 + cos θ)
−
[
Im(AB∗)p2F (1− cos θ) +
p4F
2
Im(AB′∗ −A′B∗) sin2 θ
]
(S58)
Ωm=2
2piNFnimEF
=
∫
dΩ
4pi
Im(A′A∗)p2F (1 + cos θ)−
2p6F
5
ImB′B ∗ sin2 θ(1 + cos θ)
+
[
Im(AB∗)p2F (1− cos θ) +
p4F
2
Im(AB′∗ −A′B∗) sin2 θ
]
(S59)
where the derivatives read:
A′ =
1
2
1
pF
dA
d|p|
∣∣∣∣
p=pF
+
1
2
1
pF
dA
d|k|
∣∣∣∣
k=pF
+
dA
d(p · k)
∣∣∣∣
p=pF
(S60)
B′ =
1
2
1
pF
dB
d|p|
∣∣∣∣
p=pF
+
1
2
1
pF
dB
d|k|
∣∣∣∣
k=pF
+
dB
d(p · k)
∣∣∣∣
p=pF
(S61)
and
γ0 =
τtr
τ0
= 1− 2ωswτtr , γ1 = τtr
τ1
= 1− ωswτtr , γ2 = τtr
τ2
= 1 + ωswτtr (S62)
III. QUANTUM IMPURITY MODEL
Let us show explicitly the T-matrix parameters for a l = 1 and s = 1/2 isotropic quantum impurity model with
large SOC. The quantum impurity model is described by the following Hamiltonian:
H =
∑
k
kc
†
kσckσ + 0
∑
m=±1
d†mdm + U
( ∑
m=±1
d†mdm − 1
)2
+
∑
kσm
(Vkσ,md
†
mckσ + V
∗
kσ,mc
†
kσdm), (S63)
where k = k
2/2m∗, U > 0 is the repulsive interaction and Vkσ,m is the hybridization elements:
Vkσ,m =
〈
kσ
∣∣V ∣∣l = 1, j = 12 ,m〉 (S64)
The assumption of a large SOC in the impurity orbital means that the spin S and L angular momenta of the electron
in the orbital are coupled by an L · S term with a coefficient whose magnitude is comparable to the other atomic
8scales in the problem, i.e. 0 and U . Thus, Hamiltonian of the atomic limit of the impurity must be diagonalized
before its coupling with the conduction band is introduced. Since only the total angular momentum J = L + S is
a good quantum number, we are force to work with the multiplets of J , which are parameterized the eigenvalues of
J2, j(j + 1) and eigenvalues of jz, m. Assuming the sign of the SOC favors the lowest j multiplet, which for l = 1
and s = 12 is j =
1
2 , we arrive at the above Anderson impurity model after including the hopping of the conduction
electrons with j = 12 .
In the Kondo screening regime [S45] of the above Anderson impurity model, the impurity orbital occupation∑
m〈nm〉 ≈ 1 and develops a magnetic moment. The virtual hopping of conduction electrons into and out of the
impurity orbital gives rise to an anti-ferromagnetic exchange interaction, which favors, at low temperatures, the
formation of a (Kondo) singlet (i.e. a state with total J2 equal to zero). At temperatures much lower than the so-
called Kondo temperature TK , the scattering of the conduction electrons at the Fermi energy with the Kondo-singlet
compound is characterized by a phase shift for the electrons at the Fermi energy in the j = 1 − 1/2 = 1/2 channel
that is equal to η
j=
1
2 ,l=1
= pi/2.
Let us now construct the S-matrix
Sˆ(k,p) = δk,p1− 2piiδ(k − p)Tˆ (k,p), (S65)
using the angular momentum projector. For total angular momentum j = 1/2, there are two projectors:
Pˆ j=
1
2 ,l=1(kˆ, pˆ) =
∑
m=± 12
〈kˆ|l = 1, j = 12 ,m〉〈l = 1, j = 12 ,m|pˆ〉 =
1
4pi
[
(kˆ · pˆ)1 + i(kˆ × pˆ) · σ
]
, (S66)
Pˆ j=
1
2 ,l=0(kˆ, pˆ) =
∑
m=± 12
〈kˆ|l = 0, j = 12 ,m〉〈l = 0, j = 12 ,m|pˆ〉 =
1
4pi
1. (S67)
The states with total angular momentum j,m are related to l, s = 1/2 by the standard Clebsch-Gordan coefficients:
〈kˆ|l = 1, j = 12 ,m = + 12 〉 =
√
2
3
Y 11 (kˆ)| ↓〉 −
√
1
3
Y 10 (kˆ)| ↑〉 = −
1√
4pi
(
kx + iky
k
)
| ↓〉 − 1√
4pi
(
kz
k
)
| ↑〉, (S68)
〈kˆ|l = 1, j = 12 ,m = − 12 〉 =
√
1
3
Y 10 (kˆ)| ↓〉 −
√
2
3
Y 1−1(kˆ)| ↑〉 = −
1√
4pi
(
kz
k
)
| ↓〉 − 1√
4pi
(
kx − iky
k
)
| ↑〉, (S69)
〈kˆ|l = 0, j = 12 ,m = + 12 〉 = Y 00 (kˆ)| ↑〉 =
1√
4pi
| ↑〉, (S70)
〈kˆ|l = 0, j = 12 ,m = − 12 〉 = Y 00 (kˆ)| ↓〉 =
1√
4pi
| ↓〉. (S71)
Using the following identity,
δ(2)(kˆ − pˆ)1 =
∑
l,j
Pˆ j,l(kˆ, pˆ) (S72)
where l, j run over all possible values, we can expand the delta-function, S-matrix and T -matrix as follow:
δk,p1 = (2pi)
3δ(3)(k − p)1 = δ(k − k)
∑
j,l
4pi
N(k)
Pˆ j,l(kˆ, pˆ), (S73)
Tˆ (k,p) =
∑
j,l
tj,l(k)Pˆ
j,l(kˆ, pˆ), (S74)
Sˆ(k,p) = δ(k − p)
∑
j,l
4pisj,l(k)
N(k)
Pˆ j,l(kˆ, pˆ). (S75)
9In the second step of Eq. (S73), we go to the continuum limit. Substitute these results into Eq. (S65), we arrive at
the following relationship:
tj,l(k) = 2
[
1− sj,l(k)
iN(k)
]
= −4e
iηj,l(k)
N(k)
sin ηj,l(k). (S76)
In deriving the above, we used the fact that the (unitary) S-matrix is diagonal in total angular momentum basis for
a rotational symmetric impurity potential with non-negligible spin-orbit coupling:
sj,l(k) = e
2iηj,l(k). (S77)
Here ηj,l(k) is the scattering phase shift for the channel with total angular momentum given by j from l-orbital.
Retaining only the j = 1/2 channels, the T-matrix takes the following form:
Tˆ (k,p) = −e
iη0(k) sin η0(k)
piNF
1− e
iη1(k)
piN(k)
sin η1(k)
[
(kˆ · pˆ) + i(kˆ × pˆ) · σ
]
(S78)
where we simply denote the phase-shifts:
η0 ≡ η
j=
1
2 ,l=0
, η1 ≡ η
j=
1
2 ,l=1
. (S79)
As we mentioned earlier, for a quantum impurity in the Kondo screening regime, its total angular momentum
has been quenched (screened) at the strong coupling fixed point. Hence η1(F ) = pi/2 while η0 is a non-universal
phase-shift. Using these parameters, we can compute all the kinetic coefficients using the formulas derived in the
Sec. II. We arrived at the following results:
1
τtr
=
2nim
piNF
(
1 +
5
3
sin2 η0
)
;
1
τs
=
4nim
3piNF
(S80)
ωsk = −2nim sin 2η0
3piNF
; ωsw =
4nim sin
2 η0
3piNF
(S81)
Ωc = 4pinimk
−3
F sin 2η0 ; Ωcs = 8pinimk
−3
F sin
2 η0 (S82)
Ωsc = 8pinimk
−3
F (sin
2 η0 − 2/3) (S83)
and Ωm=0 = 3Ωc , Ωm=1 = 2Ωc , Ωm=2 = 0. In the above, we used EF = k
2
F /2m and NF = mkF /(2pi
2).
For weak-scatterer, the non-universal phase-shift η0 is small compare to the resonant channel η1 = pi/2 and we shall
neglect it at the strong-coupling fixed point so the T-matrix takes the following form:
TˆFP(k,p) = − i
piNF
[
(kˆ · pˆ)1 + i(kˆ × pˆ) · σ
]
, (S84)
The A and B parameters used in the maintext can be read off from TˆFP as
A(k,p) = − i
piNF
kˆ · pˆ , B(k,p) = − i
piNF
, (S85)
